Abstract. Let K be a global field and let O K,S be the ring of S-integers of K for some finite set S of primes of K. We prove that whatever the infinite subset E ⊆ O K,S and the polynomial f (X) ∈ K[X], the subsets E and f (E) have the same number of residual classes modulo m for almost all maximal ideals m of O K,S if and only if deg(f ) = 1 when the characteristic of K is 0 and f (X) = g(X p k ) for some integer k and some polynomial g with deg(g) = 1
Introduction
In 1968, Davenport raised the following question: what can be said about f, g ∈ Z[X] when, for almost all primes p, f (Z) mod p = g(Z) mod p, that is, if the set formed by the classes modulo p of the elements of f (Z) is equal to the corresponding set for g(Z) for all but finitely many prime numbers p (see [5, abstract] )? We are interested here in an analogous question. But first let us recall some results about Davenport's problem. On the other hand, it is well known that every global field K has the following property (see for instance [6, §X.11 Along the lines of the last two results, we may be interested in the following generalized question:
Let K be a number field, let E be an infinite subset of the ring of integers O K of K, and let f ∈ K [X] . Does the condition f (E) mod m = E mod m for almost all maximal ideals m of O K imply that deg(f ) = 1?
We are going to answer yes. In fact, we will consider global fields instead of number fields only, and we will use a weaker hypothesis by replacing the identity of the residue sets with the equality of their cardinalities. Note also that, in the case of a global field K, we will speak of primes of K, instead of maximal ideals of O K , in order to avoid any reference a priori to a ring of integers, especially for function fields. Our main result is the following (Theorems 3.3 and 4.4):
Theorem 1.5. Let K be a global field, let S be a finite set of primes of K, let E be an infinite subset of the ring O K,S of S-integers of K, and let
One implication of (1) is obvious. After some preliminary remarks ( §2), we will prove the reverse implication, first for number fields ( §3) and then for function fields ( §4). Remark 1.6. On the one hand, we weaken one of the hypotheses in Proposition 1.2 by replacing the whole domain O K with any infinite subset E of O K . On the other hand, we have to assume that the degree of one of the polynomials f and g is one. It seems difficult to obtain an assertion with two general polynomials f and g because of the following example which comes from [4] . Let f ∈ Z[X] which is not injective, for instance, such that
, while f may be irreducible with any degree.
Preliminary remarks
Notation. In this section D denotes an integral domain with quotient field L. Recall that, for every subset E of L and every maximal ideal m of D, #(E mod m) denotes the cardinality of the set formed by the classes modulo mD m of the elements of E. For every set M of maximal ideals of D, if E and F are subsets of L,
We begin with two examples. Thus, for our purpose, it is necessary to consider non-semi-local domains with finite character. The following assertions are obvious:
∈ m}, then one has
and
where (3) shows that, when D is a domain with finite character, to prove that, for every f ∈ K[X], we have the implication
Remarks 2.3. (i) Implication
it is enough to prove this implication for every
and hence f induces a surjective map
Lemma 2.4. If D is of finite character and M is infinite, then
Proof. Let a = b ∈ E. Then the hypothesis on D implies that there exists a maximal ideal m ∈ M such that a − b / ∈ m and hence, by Remark 2.
This is an obvious consequence of the fact that 
Corollary 2.6. Assume that the characteristic of
If deg(f ) = n, we may write
The hypothesis implies that a − b ∈ m (see Remark 2.3 (ii)). It follows then from the equality
Number fields
Notation. Let K be a global field, that is, a finite extension either of the rational number field Q or of a rational function field F p (t) over the finite field F p . Let S be a finite set of primes of K and denote by O K,S the ring of S-integers of K, that is,
where P denotes any prime of K and v P the corresponding valuation. Obviously, the fact that two subsets E and
does not depend on the choice of the finite set S, so that we are led to introduce the notation E ≡ K F :
Thus, we may use the following notation.
Notation. E ≡ F will mean that there exists a global field K and a finite set S of primes of K such that E, F ⊆ O K,S and, for almost all maximal ideals m of O K,S , the sets E and F have the same number of classes modulo m (this last assertion does not depend on the choices for K and S).
Theorem 3.3. Let K be a number field and let S be a finite set of maximal ideals of K. Let E be an infinite subset of the ring O K,S of S-integers of K and let
f ∈ K[X]. Then, (11) f (E) ≡ E ⇒ deg(f ) = 1.
Proof. By Remark 2.3, we may assume that
n−1 where λ denotes the leading coefficient of f and n denotes its degree.
If we consider now another element b ∈ E 1 , analogously we have Φ f (b, X) = λ(X −e) n−1 with the same λ and the same e. Consequently, deg X (Φ f ) = deg Y (Φ f ) = 0 and n = 1.
Function fields
Now K denotes a function field with characteristic p and S denotes a finite set of primes of K. Denote by O K,S the ring of S-integers of K. The previous proof does not work, but since the group of units O × K,S is finitely generated [7, Prop. 14.2], we may use for our proof a special case of Voloch's following result
]). If L is a field of characteristic p > 0 finitely generated over its prime field and G is a subgroup of L
* ×L * such that dim Q G⊗Q is finite, then the equation ax + by = 1 has at most finitely many solutions (x, y) ∈ G unless (a, b) n ∈ G for some n ≥ 1.
Thus, it is enough to show that f (a)f (b) ∈ m, and, to do this, we may assume that f (a)f (b) = 0.
By considering a decomposition field
The set T is finite because of our assumption that f (a)f (b) = 0. Then, by Proposition 2.7, for every m / ∈ T , we have: for every x ∈ E \ {a}, Φ f (a, x) / ∈ m; and for every x ∈ E \ {b}, Φ f (b, x) / ∈ m. Let W be the set of primes of L dividing the primes of K which are in T . Then, for every x ∈ E \ {a}, the x − a i 's are W -units; and for every x ∈ E \ {b}, the x − b j 's are W -units, so that, for every i, j, the equation Proof. Assume that deg(f ) ≥ 2. Then it follows from the previous lemma that f (a) ∈ m for infinitely many m ∈ Max(O K,S ). Thus, f (a) = 0. This is a contradiction. 
Proof. Let D = O K,S . It follows from Lemma 2.5 that we may assume that f ≡ 0. It is then enough to prove that every infinite subset E of D has an element a which satisfies the property given in Proposition 4.3. Assume that there exists a subset E which does not have such an element a. Replacing E by E \ {a | f (a) = 0}, we have
Fix two distinct elements a and b in E. It follows from the hypothesis on E that there exists a finite subset T of Max(D) such that for every m ∈ Max(D) \ T and every x ∈ E \ {a, b}, x − a and x − b do not belong to m. Since we are looking for a contradiction, we may replace D with the ring D T and assume that
where U (D) denotes the group of units of D (in fact the group of S ∪ T -units of K).
For each x ∈ E \ {a, b}, let X = Let q = p f be the cardinality of the constant field of K. From the infinite sequence {m k } k≥0 , we may extract another infinite strictly increasing sequence {t k } k≥0 such that t k ≡ t 0 (mod f ). Let us write t k = t 0 + fr k . Then
t 0 . We also know (see for instance [7, Thm. 5 .12]) that there exists l 0 such that for every l ≥ l 0 , the function field K has at least one maximal ideal m l with norm q l . Finally, for k large enough, we have
Equivalently, for k large enough, x t k − x t 0 ∈ m r k . Thus, the element x t 0 ∈ E leads to a contradiction to the assumption on E.
